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TENSOR OPERATORS AND WIGNER-ECKART THEOREM FOR
THE QUANTUM SUPERALGEBRA Uq[osp(1 | 2)]
MAREK MOZRZYMAS
Abstract. Tensor operators in graded representations of Z2−graded Hopf
algebras are defined and their elementary properties are derived. Wigner-
Eckart theorem for irreducible tensor operators for Uq[osp(1 | 2)] is proven.
Examples of tensor operators in the irreducible representation space of Hopf
algebra Uq[osp(1 | 2)] are considered. The reduced matrix elements for the
irreducible tensor operators are calculated. A construction of some elements
of the center of Uq[osp(1 | 2)] is given.
1. Introduction
This article is a continuation of the study of the properties of irreducible represen-
tations (so called Racah-Wigner calculus) of the quantum superalgebra Uq[osp(1 |
2)]. In previous papers [1, 2, 3] it was shown that it is possible to construct Racah-
Wigner calculus for this quantum superalgebra in a completely similar way as in
the classical Lie algebra su(2) [4] and the quantum algebra Uq(su(2)) [5, 6, 7]. It
is quite remarkable that all topics that are relevant for the Racah-Wigner calculus
for su(2) or Uq(su(2)) have their direct super-analogue in the representation theory
quantum superalgebra Uq[osp(1 | 2)].
An important part of the classical Racah-Wigner calculus are definition and
properties of tensor operators in the representation spaces.The concept of tensor
operators is very important in applications of symmetry techniques (Lie groups
and algebras) in theoretical physics. The irreducible tensor operators for the Lie
group of space rotations were first introduced by Wigner [8]. Equivalent definition
of tensor operators for the coresponding Lie algebra was given by Racah[9]. These
tensor operators play very important role in the theory of angular momentum in
quantum physics.
The importance of tensor operators in the representation theory of the Lie groups
and algebras leads naturally to investgate the concept of tensor operator for quan-
tum groups and algebras as well as for the quantum superlagebras. The classical
Wigner-Racah definition of the irreducible tensor operator has been extented to
the quantum lie algebras in papers [6, 7, 10] and Wigner-Eckart theorem has been
proved in the similar way as in classical undeformed symmetry structures. In pa-
pers [11, 12] a new, more general definitions of tensor operators for arbitrary Hopf
algebra has been proposed. According these definitions tensor operators are ho-
momorphisms of some Hopf algebra representations. The new general definitions,
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on one hand are equivalent to the classical Wigner-Racah definitions if the cor-
responding Hopf algebra is su(2) or Uq(su(2)), on the other hand they allow to
deduce easier general properties of tensor operators from basic properties of Hopf
algebra representations. Wigner-Eckart theorem for irreducible tensor operators
for Hopf algebras has been proved in paper [13], where a more general version of
the definition from paper [12] has been used.
In this paper we define tensor operator for Z2-graded Hopf algebras in a similar
way as in papers [12, 13]. We study the basic properties of the linear operators
acting in the graded irreducible representation spaces of the quantum superalge-
bra Uq[osp(1 | 2)]. In particular we prove Schur lemma for Uq[osp(1 | 2)]. Next
we fomulate and prove Wigner-Eckart theorem for irreducible tensor operators of
the quantum superalgebra Uq[osp(1 | 2)]. The proof is based on the properties of
Uq[osp(1 | 2)] representations, in particular a conclusions from Schur lemma play
important role in it. It is remarkable that Wigner-Eckart theorem for Uq[osp(1 | 2)]
has exactly the same form as in the classical case su(2) or Uq(su(2)) i.e. the matrix
elements of components of irreducible tensor operator for Uq[osp(1 | 2)] are pro-
portional to Clebsch-Gordan coefficients and the proprtionality coefficient (reduced
matrix element) has the same properties that in case of su(2) or Uq(su(2)). Using
properties of representatins of graded Hopf algebras we construct two classes of
tensor operators for Uq[osp(1 | 2)]. In the first class tensor operators act in the
adjoint and regular representations of Uq[osp(1 | 2)]. The second class of tensor
operators consists of the irreducible tensor operators acting in the irreducible rep-
resentation spaces of Uq[osp(1 | 2)]. As an application of Wigner-Eckart theorem we
calculate the reduced matrix elements for the irreducible tensor operators. Finally
we give a method of constructing of elements of the center of Uq[osp(1 | 2)], based
on the properties of tensor product of irreducible representations.
This paper has the following structure. In Section II we give a rewiew of basic
definitions and properties of graded representations, we define tensor operators for
Z2-graded Hopf algebra and we give some examles of tensor operartors. In Section
III we rewiew basic properties of grade star representations of Uq[osp(1 | 2)]. Using
these properties we prove Schur lemma next we formulate and prove Wigner-Eckart
theorem for the quantum superalgebra Uq[osp(1 | 2)]. In section IV we consider
examples of tensor operators for Uq[osp(1 | 2)], we calculate the reduced matrix
element for the irreducible ones and we give a construction of some elements of the
center of Uq[osp(1 | 2)].
2. Tensor operators for Z2-graded Hopf algebras.
We begin by recalling the definition of the Z2-graded Hopf algebra.
Definition 1. A Z2-graded Hopf algebra is a vector space A over complex field C
such that A =⊕α∈Z2Aα. The elements a of Aα are said to be homogenous of degree
α (α = 0 ↔even, α = 1 ↔ odd) and their degree will be noted deg(a) ≡| a |∈ Z2.
We assume that the unit 1 of a graded algebra belongs to A0. In the following all
Greek indices will belong to Z2. Further we have in A
1) an associative multiplication, m : A⊗A→ A, m(Aα ⊗Aβ) ⊂ Aα+β,
m(a⊗ b) = ab, a,b∈A,
m ◦ (idA ⊗m) = m ◦ (m⊗ idA)
32) a coassociatve comultiplication, ∆ : A→ A⊗A, | a⊗ b |=| a |+ | b |,
∆ : Aα ⊂ ⊕β+γ=αAβ ⊗Aγ ,∆(a) =
∑
i a
(1)
i ⊗ b
(2)
i , a∈A,
(idA ⊗∆) ◦∆ = (∆⊗ idA) ◦∆
3) a counit, ε : A→ C,
(idA ⊗ ε) ◦∆ = (ε⊗ idA) ◦∆ = idA
and we have ε(A1) = 0
4) an antipode S : A→ A, S(Aα) ⊂ Aα
m ◦ (idA ⊗ S) ◦∆ = m ◦ (S ⊗ idA) ◦∆ = i ◦ ε
such that the mappings ∆ and ε are algebra homomorphisms Z2-graded algebras
and in particular the multiplication in A⊗A is given by
(a⊗ b)(c⊗ d) = (−1)|c||b|(ac⊗ bd)
One can show that the antipode S is always an anti-homomorphism of the algebra
and of the coalgebra,
S(ab) = (−1)|a||b|S(a)S(b), (S ⊗ S) ◦∆ = τ ◦∆ ◦ S.
where the map τ : A⊗A→ A⊗A is given by
τ(a ⊗ b) = (−1)|a||b|b⊗ a
We will need later on the following identity
(2.1)
∑
i,j
(a
(1)
i )
(1)
j ⊗ S(a
(1)
i )
(2)
j a
(2)
i = a⊗ 1
where a∈A. This identity follows from coassociativity of the coproduct ∆.
The simplest example of Z2-graded Hopf algebra is the quantum superalgebra
Uq[osp(1 | 2)]. The quantum superalgebra Uq[osp(1 | 2)] is Z2-graded algebra with
unit 1 and generated by three elements: H ( deg(H) = 0) and v± ( deg(v±) = 1)
with the follwing (anti)commutation relations
(2.2) [H, v±] = ±
1
2
v±; [v+, v−]+ = −
sh(ηH)
sh(2η)
where the parameter η is real and we set q = e−
η
2 . The following formulae for
coproduct ∆, antipode S and the counit ε define on Uq[osp(1 | 2)] the structure of
Z2-graded Hopf algebra
∆(H) = H ⊗ 1+ 1⊗H ; ∆(v±) = v± ⊗ q
H + q−H ⊗ v±,
ε(H) = ε(v±) = 0, ε(1) = 1
and the antipode is defined by
S(H) = −H ;S(v±) = −q
± 12 v±.
As of Z2-graded Hopf algebraUq[osp(1 | 2)] has the form Uq[osp(1 | 2)] = ⊕α∈Z2(Uq[osp(1 |
2)])α.
For any Z2-graded Hopf algebra A one can define the adjoint action ad of A on
itself in the following way
ada(b) =
∑
i
(−1)|a
(2)
i
||b|a
(1)
i bS(a
(2)
i )
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for any a, b ∈ A. Using this action we define the subset of invariant elements of A
Aε = {b ∈ A : ada(b) = ε(a)b, ∀a ∈ A}.
We will need later on the following proposition which characterises the invariant
elements of Z2-graded Hopf algebra A
Proposition 1. An element b ∈ A is ad-invariant if and only if it belongs to the
center Z(A) of A i.e. we have for any a ∈A
ada(b) =
∑
i
(−1)|a
(2)
i
||b|(a
(1)
i )bS(a
(2)
i )) = ε(a)b⇔ ab = (−1)
|a||b|ba
or equivalently we have Aε = Z(A).
Proof. First we prove (⇒). If b ∈ Z(A) then we have for any a ∈A
ada(b) =
∑
i
(−1)|a
(2)
i ||b|(a
(1)
i )bS(a
(2)
i )) =
∑
i
(a
(1)
i )(S(a
(2)
i ))b =ε(a)b
The proof of the converse (⇐) is more difficult. Now we assume that b ∈ Aε i.e.
for any a ∈A
(2.3) ada(b) =
∑
i
(−1)|a
(2)
i
||b|(a
(1)
i )bS(a
(2)
i )) = ε(a)f
and we have to prove that from this it follows
(2.4) ba =(−1)|a||b|ab
First let us observe that from ε(A1) = 0 we have for any a ∈A
(2.5) ε(a) = (−1)k|a|ε(a)
where k is arbitrary number. We have also from Definition 1 for any i, j appearing
in the coproduct ∆(a)
(2.6) | a
(1)
i |=| (a
(1)
i )
(1)
j | + | a
(1)
i )
(2)
j |
We start from the LHS of the equation(2.4)
ba =
∑
i
b[ε(a
(1)
i )a
(2)
i ] =
∑
i
(−1)|a
(1)
i
||b|ε(a
(1)
i )ba
(2)
i
where we have used the equation (2.5). Now we use the equation (2.3) for a = a
(1)
i
and we get
ba =
∑
ij
{(−1)|a
(1)
i
||b|(−1)|(a
(1)
i
)
(2)
j
)||b|[(a
(1)
i )
(1)
j ]b[S(a
(1)
i )
(2)
j ]}a
(2)
i =
=
∑
ij
(−1)|(a
(1)
i
)
(1)
j
)||b|[(a
(1)
i )
(1)
j ]b[S(a
(1)
i )
(2)
j a
(2)
i ].
In the last equation we have used equation (2.6). Now we will prove that∑
ij
(−1)|(a
(1)
i
)
(1)
j
)||b|[(a
(1)
i )
(1)
j ]b[S(a
(1)
i )
(2)
j a
(2)
i ] = (−1)
|a||b|ab
From the coassociativity condition for the coproduct ∆ we get∑
i,j
b⊗ (a
(1)
i )
(1)
j ⊗ (a
(1)
i )
(2)
j ⊗ a
(2)
i =
∑
i,j
b⊗ a
(1)
i ⊗ (a
(2)
i )
(1)
j ⊗ (a
(2)
i )
(2)
j
5Acting on both sides of the above equation by (m◦(m⊗id)◦(m⊗id⊗id))◦(τ⊗S⊗id)
we get ∑
i,j
(−1)|(a
(1)
i
)
(1)
j
)||b|(a
(1)
i )
(1)
j bS(a
(1)
i )
(2)
j a
(2)
i =
= (−1)|a||b|
∑
i,j
(−1)|a
(2)
i
||b|a
(1)
i bS(a
(2)
i )
(1)
j (a
(2)
i )
(2)
j =
= (−1)|a||b|
∑
i
(−1)|a
(2)
i ||b|a
(1)
i bε(a
(2)
i ) = (−1)
|a||b|ab

In the following we will consider the representations of Z2-graded Hopf algebra
Uq[osp(1 | 2)] in the Z2-graded linear spaces therefore we recall here some basic
properties of the graded representations [17]. A vector space V over complex field
C is called Z2-graded linear space or simply graded space if V =⊕α∈Z2Vα. The
elements v of Vα are said to be homogenous of degree α (α = 0 ↔even, α =
1 ↔ odd) and their degree will be noted similarly as in case of graded algebras
deg(v) ≡| v |∈ Z2. Consider now two graded vector spaces V,W and a linear
mapping f ∈ Hom(V,W ). The mapping f is said to be homogenous of degree
β ∈ Z2 if
f(Vα) ⊂Wα+β .
where α ∈ Z2 So we get a gradation in linear space Hom(V,W )
Hom(V,W )β = {f ∈ Hom(V,W ) : f(Vα) ⊂Wα+β}.
and
Hom(V,W ) = Hom(V,W )0 ⊕Hom(V,W )1
For a given Z2-graded Hopf algebra A a graded representation of A is defined in
the following way
Definition 2. A graded representation of Z2-graded Hopf algebra A in Z2-graded
linear space V is an even homomorphism ρ : A → Hom(V, V ) i.e. ρ ∈ Hom(A,
Hom(V, V )). The pair (V, ρ) is called a graded representation of Hopf algebra A.
The representation (V, ρ) is irreducible if there is no proper subspace V
′
⊂ V which
is invariant under action of the Hopf algebra A via map ρ.
Let us recall some examples of Z2-graded Hopf algebra representations.
Example 1. A Z2-graded Hopf algebra A is itself a graded representation space for
the adjoint action ρ(a) ≡ ada
ada(b) =
∑
i
(−1)|a
(2)
i
||b|a
(1)
i bS(a
(2)
i )
for a, b ∈ A. This representation is denoted (A, ad) ≡Aad.
Example 2. A Z2-graded Hopf algebra A is also a graded representation space for
a left regular action L of A
L(a).b = m(a⊗ b) = ab
for any a, b ∈ A.A left regular representation is denoted (A, L) ≡ AL.
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Example 3. Let (V, π), and (W,ρ) be a graded modules of Z2-graded Hopf algebra
A. The linear space Hom(V,W ) is an graded A-module (Hom(V,W ), δ) with the
action of A on f ∈ Hom(V,W ) defined as follows
δ(a)(f) =
∑
i
(−1)|a
(2)
i
||f |ρ(a
(1)
i ) ◦ f ◦ π(S(a
(2)
i )).
Example 4. The tensor product V ⊗ W of two graded representation spaces of
representations (V, π), and (W,ρ) is a graded representation space where the action
δ⊗ of A is the followng
δ⊗(a)(v ⊗ w) =
∑
i
(−1)|a
(2)
i
||v|π(a
(1)
i )v ⊗ ρ(S(a
(2)
i ))w.
for any v ∈ V,w ∈ W and where | v ⊗ w| =| v| + | w|. This yields to the represen-
tation (W ⊗ V, (ρ⊗ π) ◦∆).
The last example is the following
Example 5. The counit map ε of A equips any graded vector space V with a
trivial representation ρ = ε structure where
av = ε(a)v
where v ∈ V and a ∈A. In particular any one-dimensional representation (wich is
not a zero representation) is equivalent to a trivial representation.
The concept of trivial action of the Z2-graded Hopf algebra A on vectors of
representation space can be applied to any representation of A.
Definition 3. For any representation (V, ρ) of Hopf algebra A we define the sub-
space of invariant vectors
Vε = {v ∈ V : ρ(a).v = ε(a)v, ∀a ∈ A}.
Next important matematical tool which we are going to use later on is a graded
intertwiner of representations so let us recall its definition.
Definition 4. Let (V, ρ) and (W,σ) be representations of the Z2-graded Hopf algebra
A. A linear map f ∈ Hom(V,W ) is a graded intertwiner of representations (V, π)
and (W,ρ) if
f ◦ π(a) = (−1)|a||f |ρ(a) ◦ f.
for any a ∈A. The space of the graded intertwiners will be denoted IA(V,W ). An
even intertwiner is a homomorphism of representations so the subspace (IA(V,W ))0 ≡
HomA(V,W ) is a space of homomorphisms.
We give two examples of homomorphisms of representations of A, which will be
important in the following.
Example 6. The Z2-graded Hopf algebra A with the adjoint action ada, a ∈ A form
the adjoint representation (A, ada). On the other hand we have the representation
(Hom(V, V ), δ) of A from Example 3. The representation ρ : A→ Hom(V, V ) from
Definition 2 is a homomorphism of the Hopf algebra representations.
7Example 7. A left regular action L given in Example 2 is a homomorphism of
representations Aad and (Hom(AL,AL), δ) i.e. L ∈ HomA( Aad, Hom(AL,AL)).
In fact we have for any a, b ∈ A
L(ada(b)) =
∑
i
(−1)|a
(2)
i
||b|L(a
(1)
i bS(a
(2)
i )) =
∑
i
(−1)|a
(2)
i
||b|L(a
(1)
i )L(b)L(S(a
(2)
i ))
or equivalently
L ◦ ada = δ(a) ◦ L.
where | L |= 0 because L is a representation.
Now we are in the position to define tensor operators for Z2-graded Hopf algebras.
Following the idea of the definition of tensor operators for Hopf algebras given in
[12] we define tensor operators for Z2-graded Hopf algebras in the following way
Definition 5. Let (V, π), (W,ρ) and (U, σ) be graded representations of the Z2-
graded Hopf algebra A and let T ∈ Hom(V,Hom(W,U)) then T is a tensor operator
of type V in W if T ∈ IA(V,Hom(W,U)) . In other words tensor operator T is a
graded intertwiner of representations (V, π) and (Hom(W,U), δ) and it satisfies
(2.7) T ◦ π(a) = (−1)|a||T |δ(a) ◦ T .
Let vectors {el}l∈I⊂N be a basis of the representation space V , then the linear
operators T (el) ≡ Tl ∈ Hom(W,U) will be called the components of the tensor
operator T. If dimV <∞ then the components Tl of T satisfie
(2.8) π(a)jlTj = (−1)
|a||T |
∑
i
(−1)|a
(2)
i
||Tl|σ(a
(1)
i ) ◦ Tl ◦ ρ(S(a
(2)
i ))
where π(a)jl is a matrix of π(a). If all the representations (V, π), (W,ρ) and (U, σ)
are irreducibles then the tensor operator T is called irreducible.
Let write the defining equation (2.8) for the components Tl of T when A =
Uq[osp(1 | 2)] and a = v±, H
(2.9)
π(v+)jlTj = (−1)
|v+||T |(σ(v+) ◦ Tl ◦ ρ(q
−H)− (−1)|v+||Tl|q
1
2σ(q−H) ◦ Tl ◦ ρ(v+))
(2.10)
π(v−)jlTj = (−1)
|v−||T |(σ(v−) ◦Tl ◦ ρ(q
−H)− (−1)|v−||Tl|q−
1
2σ(q−H) ◦Tl ◦ ρ(v−))
(2.11) π(H)jlTj = σ(H) ◦ Tl − Tl ◦ ρ(H)
Thus the above definition of tensor operator although seems to be abstract in
case of the simplest quantum superalgebra Uq[osp(1 | 2)] which is a superanalogue of
the quantum algebra Uq[su(2))], gives very similar defining formulae for generating
elements as in the case of Uq[su(2))] [6, 7, 10].
Let us give some important example of tensor operator.
Example 8. The Example 6 shows that the representatoin ρ from Definition 2 is
itself a tensor operator because ρ ∈ HomA(A, Hom(W ⊗W )).
Example 9. The left regular action L of A on itself as defined in Example 2 is a
tensor operator because L ∈ HomA( Aad, Hom(AL,AL)) (Example 7).
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Before formulation a lemma which will be used later on we introduce a useful
notation If f ∈ Hom(V,W ) where (V, π) and (W,ρ) are representations of the Hopf
algebra A then we define
(2.12) πf (a) ≡ f ◦ π(a) : V →W
and the linear mapping mπρ : Hom(W ) ⊗Hom(V,W )→ Hom(V,W ) is defined in
the following way
(2.13) mπρ(ρ(a)⊗ πf (b)) = (−1)
|a||f |((mπρ ◦ (ρ⊗ πf )).(a ⊗ b) ≡ ρ(a) ◦ πf (b).
Lemma 1. Assume that
1) (V, π),W, ρ), (U, σ) and (Hom(W,U), δ) are representations of the Z2-graded
Hopf algebra A,
2) T ∈ IA(V,Hom(W,U)) i.e. ∀a ∈ A T ◦ π(a) = (−1)
|a||T |δ(a) ◦ T ,
3) Tˇ ∈ Hom(V ⊗W,U)) and Tˇ (v ⊗ w) ≡ T (v).w ∀v ∈ V,w ∈W.
Then
a) Tˇ ∈ IA(V ⊗W,U)) i.e. ∀a ∈ A Tˇ ◦ [(π ⊗ ρ)∆(a)] = (−1)
|a||Tˇ |σ(a) ◦ Tˇ .
b) |T |=|Tˇ |
Proof. Let us prove a). The action δ of representation (Hom(W,U), δ) is given in
Example 3. We rewrite the condition 2) for T in the form
(2.14) T [π(a).v].w = (−1)|a||T |{
∑
i
(−1)|a
(2)
i
||T(v)|σ(a
(1)
i ) ◦ T (v) ◦ ρ(S(a
(2)
i ))}.w
for any a ∈ A, v ∈ V , w ∈ W. We have to prove that from this it follows condition
a) for Tˇ which can be written as follows
(2.15)
∑
i
(−1)|a
(2)
i
||v|T [π(a1i ).v].(ρ(a
(2)
i ).w) = (−1)
|a||T |σ(a)[T (v).w]
for any a ∈ A, v ∈ V , w ∈ W. Applying in LHS of the above equation condition
(2.14 ) for a = a1i we get∑
i
(−1)|a
(2)
i
||v|T [π(a1i ).v].(ρ(a
(2)
i ).w) =
∑
ij
(−1)|a
(2)
i
||v|(−1)|a
1
i ||T |×
×(−1)|(a
(1)
i
)
(2)
j
||T(v)|σ[(a
(1)
i )
(1)
j ] ◦ T (v) ◦ ρ[S(a
(1)
i )
(2)
j (a
(2)
i )].w
In the notation (2.12), (2.13) it takes the form∑
i
(−1)|a
(2)
i
||v|T [π(a1i ).v].(ρ(a
(2)
i ).w) =
∑
ij
(−1)|a
(2)
i
||v|(−1)|a
1
i ||T |(−1)|(a
(1)
i
)
(2)
j
||T(v)|×
×(−1)|(a
(1)
i
)
(1)
j
||T(v)|{mρσ ◦ (σ ⊗ ρT(v)).((a
(1)
i )
(1)
j ⊗ S(a
(1)
i )
(2)
j a
(2)
i )}.w
Simpifying the phase and using the identity (2.1) we get∑
i
(−1)|a
(2)
i
||v|T [π(a1i ).v].(ρ(a
(2)
i ).w) = (−1)
|a||v|{mρσ ◦ (σ ⊗ ρT(v)).(a ⊗ 1)}.w
= (−1)|a||v|(−1)|a||T(v)|σ(a)[T (v).w]
= (−1)|a||v |+|a||T(v)|σ(a)[T (v).w]
Which is RHS of the equation (2.15). The statement b) can be proved considering
the degrees of the values of T and Tˇ on homogenous arguments. 
93. Wigner-Eckart theorem for the quantum superalgebra
Uq[osp(1 | 2)]
In this section we will consider the quantum superalgebra Uq[osp(1 | 2)] and its
graded representations. A representation of the quantum superalgebra Uq[osp(1 |
2)] in the graded linear space V will be denoted by π
π : Uq[osp(1 | 2)]→ Hom(V, V ).
The finite dimensional irreducible representations of Uq[osp(1 | 2)] has been studied
firstly in [15]. They have the same structure as in case of the nondefrmed super-
algebra osp(1 | 2) and for this superalgebra every finite dimensional irreducible
representation is equivalent to a grade star representation [16]. It has been shown
in [2] that any finite dimensional grade star representation of Uq[osp(1 | 2)] is char-
acterized by four parameters: the highest wieght l (a non-negative integer), the
parity λ = 0, 1 of the highest wieght vector in the representation space and by
ϕ, ψ = 0, 1, the signature parameters of the Hermitean in the representation space
V. The parity λ and the signature ϕ define the class ǫ = 0, 1 of the grade star
representation by
ǫ = λ+ ϕ+ 1,mod(2).
For simplicity we will write (V l(λ), πl) instead (V l(λ), πlǫϕψ) The representation
space V l(λ) is a graded vector space of dimension 2l + 1 with basis elm(λ) where
−l ≤ m ≤ l. The parity of the basis vectors elm(λ) in determined by values of l,m
and λ
| elm(λ) |= l −m+ λmod(2).
The vectors elm(λ) are pseudo-orthogonal with respect to the Hermitean foem in V
and their normalisation is determined by the signature parameters ϕ, ψ
(elm(λ), e
l
′
m′
(λ)) = (−1)ϕ(l−m)+ψδmm′ ,
where (, ) denotes the Hermitean form in the representation space V l(λ). The
operatorts πl(v±) and π
l(H) act on the basis elm(λ) in the following way
(3.1) πl(v+).e
l
m = (−1)
(l−m)([l −m][l +m+ 1]γ)
1
2 elm+1
(3.2) πl(v−).e
l
m = ([l +m][l −m+ 1]γ)
1
2 elm−1
(3.3) πl(H).elm =
m
2
elm
where [n] = q
−
n
2 −(−1)nq
n
2
q−
1
2−q
1
2
.Note that the action of the operators πl(v±) and π
l(H)
does not depend on the parameters λ, ϕ, ψ.
Tensor product of two irreducible representation (V l1(λ1), π
l1) and (V l2(λ2), π
l2)
is completely and simply reducible i.e. we have
V l1(λ1)⊗ V
l2(λ2) = ⊕
l1+l2
l=|l1−l2|
V l(λ).
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By definition the Glebsch-Gordan coefficients (C-Gc) (l1m1λ1, l2m2λ2 | lmλ)q re-
late the standard basis el1m1(λ1)⊗ e
l2
m2(λ2) of tensor product V
l1(λ1)⊗ V
l2(λ2) to
the reduced basis elm(l1, l2, λ) in the following way
elm(l1, l2, λ) =
∑
m1m2
(l1m1λ1, l2m2λ2 | lmλ)qe
l1
m1(λ1)⊗ e
l2
m2(λ2)
or equivalently
(−1)(l1−m1)(l2−m2)el1m1(λ1)⊗ e
l2
m2(λ2) =
=
∑
lm
(−1)(l−m)L(l1m1λ1, l2m2λ2 | lmλ)qe
l
m(l1, l2, λ)
where m1 +m2 = m,L = l1 + l2 + l and l is an integer satisfying the condition
| l1 − l2 |≤ l ≤ l1 + l2.
In the following, in order to get Wigner-Eckart theorem in a conventional form we
will use a modified C-Gc [l1m1λ1, l2m2λ2 | lmλ]q which are related to (l1m1λ1, l2m2λ2 |
lmλ)q by
[l1m1λ1, l2m2λ2 | lmλ]q = (−1)
(l1−m1)(l2−m2)(−1)(l−m)L(l1m1λ1, l2m2λ2 | lmλ)q.
In terms of the modified C-Gc the relation between standard and reduced basis in
V l1(λ1)⊗ V
l2(λ2) looks
(−1)(l−m)Lelm(l1, l2, λ) =
=
∑
m1m2
(−1)(l1−m1)(l2−m2)[l1m1λ1, l2m2λ2 | lmλ]qe
l1
m1(λ1)⊗ e
l2
m2(λ2)
or equivalently
(3.4) el1m1(λ1)⊗ e
l2
m2(λ2) =
∑
lm
[l1m1λ1, l2m2λ2 | lmλ]qe
l
m(l1, l2, λ).
We have also for any l,m in this decoposition
(3.5) | el1m1(λ1)⊗ e
l2
m2(λ2) |=| e
l
m(l1, l2, λ) |
In the classical theory of Racah-Wigner calculus, a very important role is played
by the C-Gc (jm, jn | 00), which defines an invarint metric. In the case of the
quantum superalgebra Uq[osp(1 | 2)], the corresponding coefficient also defines an
invariant metric. It has the form
(3.6)
Clmn(λ) =
√
[2l + 1](lmλ, lnλ | 00)q = (−1)
(l−m)λ(−1)(l−m)(l−m−1)/2qm/2δm,−n.
For more details on the irreducible grade star representations and properties of
C-Gc see [2].
In case of the irreducible finite dimensional representations of the quantum
superalgebra Uq[osp(1 | 2)] Schur lemma has the following form
Lemma 2. Let (V l1(λ1), π
l1) and (V l2(λ2), π
l2) be irreducible finite dimensional
representations of Uq[osp(1 | 2)] and let f ∈ IUq [osp(1|2)](V
l1(λ1), V
l2(λ2)) i.e. for
any a ∈ Uq[osp(1 | 2)], x ∈ V
l1(λ1)
(3.7) f(πl1(a).x) = (−1)|f ||a|πl2(a)f(x),
then f = αidV l1(λ1) (α ∈ R) if l1 = l2 and λ1 = λ2, or f = 0 if l1 6= l2 or λ1 6= λ2.
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Proof. Let us consider the properties of the vector
y = f(el1l1(λ1)) ∈ V
l2(λ2).
Using equation (3.7) we get
πl2(H).y =
l1
2
y;πl2(v+).y = 0
so either y ∈ V l2(λ2) is the highest weight vector of weight l1 in V
l2(λ2) or f = 0
i.e. either l1 = l2 or f = 0. Assume that l1 = l2 and λ1, λ2 arbitrary. Then from
the above it follows that we have
(3.8) f(el1m1(λ1)) = αe
l1
m1(λ2)
and | f |= 1 if λ1 + λ2 = 1 or | f |= 0 if λ1 + λ2 = 0 mod(2). Acting on both sides
of the above equation by T l1(v+) we get
(−1)(l1−m1)([l1 −m1][l1 +m1 + 1]γ)
1
2 elm1+1(λ2) =
= (−1)|f |(−1)(l1−m1)([l1 −m1][l1 +m1 + 1]γ)
1
2 elm1+1(λ2)
so f = 0 if λ1 + λ2 = 1. 
We will need later on the following proposition which is a consequence of Schur
lemma
Proposition 2. Let (V l1(λ1), π
l1), (V l2(λ2), π
l2) and (V l3(λ3), π
l3) be irreducible
finite dimensional representations of Uq[osp(1 | 2)] with bases respectively {e
l2
m1(λ1)},
{el1m2(λ2)}, {e
l3
m3(λ3)} and let f ∈ IUq [osp(1|2)](V
l1(λ1) ⊗ V
l2(λ2)), V
l3(λ3)) where
| l1 − l2 |≤ l3 ≤ l1 + l2. Then
(3.9) f(el1m1(λ1)⊗ e
l2
m2(λ2)) = αl3
∑
m3
[l1m1λ1, l2m2λ2 | l3m3λ3]qe
l3
m3(l1, l2, λ3).
for any elimi(λi) ∈ V
li(λi), i = 1, 2 and f ∈ (IUq [osp(1|2)](V
l1(λ1)⊗V
l2(λ2)), V
l3(λ3))0
i.e. f is an homomorphism.
Proof. From Clebsch-Gordan decomposition we have
(3.10) el1m1(λ1)⊗ e
l2
m2(λ2) =
∑
lm
[l1m1λ1, l2m2λ2 | lmλ]qe
l
m(l1, l2, λ)
and for any | l1− l2 |≤ l ≤ l1+ l2 the linear mapping fl = f |V l(λ): V
l(λ)→ V l3(λ3)
is an intertwiner of representations V l(λ) and V l3(λ3) i.e. fl ∈ IUq [osp(1|2)](V
l(λ), V l3(λ3)).
Therefore we have from Schur lemma
fl = αlidV l(λ)δll3δλλ3
Taking into account that f = ⊕lfl we get from the Clebsch-Gordan decomposition
(3.10) the equation (3.9) and it is clear that αl do not depend on m1m2,m. The
fact that f ∈ (IUq [osp(1|2)](V
l1(λ1) ⊗ V
l2(λ2)), V
l3(λ3))0 follows from the relation
(3.5). 
Now we can formulate Wigner-Eckart theorem for irreducible tensor operators
the for quantum superalgebra Uq[osp(1 | 2)].
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Theorem 1. If T ∈ IUq [osp(1|2)](V
l1(λ1), Hom(V
l2(λ2), V
l3(λ3))) is an irreducible
tensor operator .Then
1) the matrix elements of its components T (el1m1(λ1)) are proprtional to the mod-
ified Clebsch-Gordan coefficients i.e.
[T (el1m1(λ1))]m3m2 = α[l1m1λ1, l2m2λ2 | l3m3λ3]q
where α is a real number called reduced matrix element which do not depend on
mi, i = 1, 2, 3.
2) T is an even intertwiner i.e. T ∈ HomUq [osp(1|2)](V
l1(λ1), Hom(V
l2(λ2), V
l3(λ3)))
Proof. From Lemma 1 we know that linear mapping Tˇ ∈ Hom(V l1(λ1)⊗V
l2(λ2), V
l3(λ3))),
| l1 − l2 |≤ l3 ≤ l1 + l2
Tˇ (el1m1(λ1)⊗ e
l2
m2(λ2)) = T (e
l1
m1(λ1)).e
l2
m2(λ2)
is an intertwiner of representations and |T |=|Tˇ |. Then from Proposition 2 we get
Tˇ (el1m1(λ1)⊗ e
l2
m2(λ2)) = T (e
l1
m1(λ1)).e
l2
m2(λ2) =
= α
∑
m3
[l1m1λ1, l2m2λ2 | l3m3λ3]qe
l3
m3(l1, l2, λ3)
where α do not depend on mi, i = 1, 2, 3 and Tˇ is even.On the other hand the
matrix of the operator T (el1m1(λ1)) is defined by equation
T (el1m1(λ1)).e
l2
m2(λ2) = [T (e
l1
m1(λ1))]m3m2 .e
l3
m3(λ3)
Comparing two last equations we get the statement of the theorem. 
Thus for the quantum superalgebra Uq[osp(1 | 2)] the Wigner-Eckart theorem has
exactly the same form as in the classical case su(2) and deformed case Uq[su(2)]. It
is quite remarkable result because in general all formulae in Racah-Wigner calculus
for the quantum superalgebra Uq[osp(1 | 2)], although has similar form to corre-
sponding formulae in Racah-Wigner calculus for su(2) and Uq[su(2)], differ from
the latter by sometimes complicated phases [2, 3]. We have avoided the appear-
ance of the not coventional phase in the Wigner-Eckart theorem using the modified
C-Gc.
The irreducible tensor operatorT for Uq[osp(1 | 2)] is even so we have | T (e
l
m(λ)) |=|
elm(λ) |= l−m+λ mod(2) and we may introduce notation T (e
l
m(λ)) ≡ T
l
m(λ). Let
us write the defining relations (2.9-2.11) for the components of irreducible tensor
operator T lm(λ)
(−1)l−m([l −m][l +m+ 1]γ)
1
2T lm+1(λ) =
= πl3(v+) ◦ T
l
m(λ) ◦ π
l2(q−H)− (−1)l−m+λq
1
2πl3(q−H) ◦ T lm(λ) ◦ π
l2(v+)
([l +m][l−m+ 1]γ)
1
2T lm−1(λ) =
= πl3(v−) ◦ T
l
m(λ) ◦ π
l2(q−H)− (−1)l−m+λq−
1
2πl3(q−H) ◦ T lm(λ) ◦ π
l2(v−)
m
2
T lm(λ) = π
l3(H) ◦ T lm(λ)− T
l
m(λ) ◦ π
l2(H)
The above formulae are very similar to defining relations satisfied by the compo-
nents of irreducible tensor operator for the Hopf algebra Uq[su(2)] [6, 7, 12, 13].
The difference is only in the phase factor and the definition of the symbol [n]. In
the limit q → 1 , for l −m = 0mod(2) we get
1
2
(l −m)
1
2T lm+1(λ) = π
l3(v+) ◦ T
l
m(λ)− (−1)
λT lm(λ) ◦ π
l2(v+)
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1
2
(l +m)
1
2T lm−1(λ) = π
l3(v−) ◦ T
l
m1(λ) − (−1)
λT lm(λ) ◦ π
l2(v−)
m
2
T lm(λ) = π
l3(H) ◦ T lm(λ)− T
l
m(λ) ◦ π
l2(H)
and for l −m = 1mod(2) we have
−
1
2
(l +m+ 1)
1
2T lm+1(λ) = π
l3(v+) ◦ T
l
m(λ)− (−1)
λT lm(λ) ◦ π
l2(v+)
1
2
(l −m+ 1)
1
2T lm−1(λ) = π
l3(v−) ◦ T
l
m(λ)− (−1)
λT lm(λ) ◦ π
l2(v−)
m
2
T lm(λ) = π
l3(H) ◦ T lm(λ1)− T
l
m(λ1) ◦ π
l2(H)
The above equations one can interpreted as defining relations for the components
of irreducible tensor operator for the Lie superlagebra osp(1 | 2). It is known that
the Lie algebra sl(2) generated by elements H,L± = ±2[v±, v±]+ is included in the
superalgebra osp(1 | 2) and we have
[H,L±] = ±L±; [l+, L−] = 2H.
Using the defining relations (2.8) for a= H,L± we get in the limit q → 1 the
following equations
−
1
4
√
(l −m)(l +m+ 2)T lm+2(λ1) = π
l3(L+) ◦ T
l
m(λ1)− T
l
m(λ1) ◦ π
l2(L+)
−
1
4
√
(l +m)(l −m+ 2)T lm−2(λ1) = π
l3(L−) ◦ T
l
m(λ1)− T
l
m(λ1) ◦ π
l2(L−)
m
2
T lm(λ) = π
l3(H) ◦ T lm(λ)− T
l
m(λ) ◦ π
l2(H)
for l −m = 0mod(2) and
−
1
4
√
(l −m− 1)(l +m+ 1)T lm+2(λ) = π
l3(L+) ◦ T
l
m(λ1)− T
l
m(λ1) ◦ π
l2(L+)
−
1
4
√
(l +m− 1)(l−m+ 1)T lm−2(λ) = π
l3(L−) ◦ T
l
m(λ)− T
l
m(λ) ◦ π
l2(L−)
m
2
T lm(λ) = π
l3(H) ◦ T lm(λ)− T
l
m(λ) ◦ π
l2(H)
where l −m = 1mod(2).
These formulae are classical, Racah definition for components of irreducible ten-
sor operator for the Lie algebra sl(2). Thus in the formal limit Uq[osp(1 | 2)] →
osp(1 | 2) the set of the components T lm(λ) of irreducible tensor operator T splits
into two sets {T lm(λ) : l − m = 0mod(2)} and {T
l
m(λ) : l − m = 1mod(2)}
which are sets of components of irreducible tensor operators T l and T l−1 for
the Lie subalgebra sl(2). Note that the sets {T lm(λ) : l − m = 0mod(2)} and
{T lm(λ) : l−m = 1mod(2)} differ in degree because we have | T (e
l
m(λ)) |= l−m+λ
mod(2). This splitting is not surprising because the components of an irreducible
tensor operator has the same transformation rule as the basis vectores of the irre-
ducible representation. On the other hand it is known that, with respect to sl(2) a
graded representation space V l of irreducible representation of osp(1 | 2) is a direct
sum of two subspaces
V l = Dl(λ)⊕Dl−1(λ+ 1)
where Dl(λ) and Dl−1(λ + 1) are the irreducible representation spaces of the Lie
algebra sl(2). Thus our general definition of tensor operators for Z2-graded Hopf
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in case of Uq[osp(1 | 2)], in the limit q → 1 leads to classical definition of tensor
operators for the Lie algebra sl(2) ⊂ osp(1 | 2).
From Wigner-Eckart theorem it follows that it is sufficient to know one partic-
ular value of matrix element [T lm(λ)]pq of tensor operator component T
l
m(λ) to
determine the reduced matrix element α and then to express all remaining matrix
elements [T lm(λ)]pq in terms of Clebsch-Gordan coefficients. It will be applied in
the next section.
4. Applications of Wigner-Eckart theorem.
In this section we will consider tensor operators for the quantum superalgebra
Uq[osp(1 | 2)]. First we construct in Uq[osp(1 | 2)] irreducible representations of
highest weight l (even natural number) which will be irreducible subrepresentations
of adjoint representation (Uq[osp(1 | 2)], ad).
Proposition 3. Let us define for any even natural l
tlm =
(
[l +m]!
[2l]![l−m]!
) 1
2
advl−m− .v
l
+q
lH
where −l ≤ m ≤ l. Then
(4.1) ade.tlm = ([l −m][l +m+ 1])
1
2 tlm+1
(4.2) adf.tlm = ([l +m][l −m+ 1])
1
2 tlm−1
(4.3) adH.tlm =
m
2
tlm.
We have also | tll |= λ = l = 0 mod(2) and | t
l
m |= m mod(2). Therefore the
vectors tlm form a basis of irreducible representation (U
l, ad) of Uq[osp(1 | 2)] where
U l ⊂ Uq[osp(1 | 2)].
Proof. A direct calculation shows that tll is a highest weight vector of weight
l
2 . The
applying the standard procedure of construction of the irreducible highest weight
modul of Uq[osp(1 | 2)] we get the result. 
Corollary 1. The elements tlm ∈ Uq[osp(1 | 2)] are components of the tensor
operator Ll ∈ HomUq [osp(1|2)]( U
l
ad, Hom(Uq[osp(1 | 2)]L, Uq[osp(1 | 2)]L)).
Proof. The left regular action L : Uq[osp(1 | 2)]ad → Hom(Uq[osp(1 | 2)]L, Uq[osp(1 |
2)]L) is a tensor operator (Example 7, 9) and U
l is an irreducible subrepresentation
of Uq[osp(1 | 2)]. So it is obvious that L
l : U lad → Hom(Uq[osp(1 | 2)]L, Uq[osp(1 |
2)]L) is also a tensor operator. The equations (4.1-3) show that the components t
l
m
of Ll satisfie the defining equation (2.8). 
As an application of the Wigner-Eckart theorem we will calculate the matri-
ces πj(tlm)pn ≡ [t
l
m(j)]pn of the basis vectors t
l
m of (U
l, ad) in the representation
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(V j(λ), πj). Using the defining commutation relations for Uq[osp(1 | 2)] one can
show that tlm are rather complicated combination of elements H, v±
tlm =
(
[l +m]!
[2l]![l−m]!
) 1
2
l−m∑
k
N∑
p=0
(−1)
k(k+1)
2 (−1)
p(p−1)
2 q−
k
2 (l+m+1)
[l]![k]!
[p]![l − p]![k − p]!
×
×
[
l −m
k
]
γpvl−m− v
l
+
[4H − k + l]!
[4H − k + l − p]!
qmH .(4.4)
where N = min(l, k) and we use a symbolic notation
[H +m+ p]!
[H +m]!
≡ [H +m+ p]...[H +m+ 1].
So a direct calculation of πj(tlm)pn using matrices π
j(v±)mn, π
j(H)mn seems to be
difficult in general case. However due to Wigner-Eckart theorem it is not necessary
to do it. In fact we have
Theorem 2. The basis vectors tlm of (U
l, ad) have the following matrix form in
the irreducible representation (V j(λ), πj)
πj(tlp)mn = α[lp0, jnλ | jmλ]q
where
α = (−1)
1
2 l(l+1)q−
1
2
l(l+1)[l]!
(
[2j + l + 1]!
[2l]![2j − l]![2j + 1]!
γl
) 1
2
is a reduced matrix element of the irreducible tensor operator πj : U l → Hom(V j(λ), V j(λ)).
Proof. The representation πj : Uq[osp(1 | 2)] → Hom(V
j(λ), V j(λ)) is itself a
tensor operator (Examples 6, 8). Because U l is an irreducible subrepersentation
of Uq[osp(1 | 2)] then that π
j : U l → Hom(V j(λ), V j(λ)) is an irreducible tensor
opereator. Thus according to the Wigner-Eckart theorem we have the following
expression for matrix element of components πj(tlp) of π
j
πj(tlp)mn = α[lp0, jnλ | jmλ]q
and in particular
(4.5) πj(tll)mn = α[ll0, jnλ | jmλ]q.
Now on one hand from (3.1-3) we have
πj(tll)mn = (−1)
1
2 l(l+1)+l(j−m+l)
(
[j −m+ l]![j +m]!
[j +m− l]![j −m]!
γl
) 1
2
q
1
2 l(m−l)δmn+l
and on the other we have [2]
[ll0, jnλ | jmλ]q = q
−n2 q
1
4 (2j−l)(l+1)−
1
2 (j−m)(l+1) ×
×
(
[2j + 1]
[2l]![2j − l]![j +m]![j −m+ l]!
[2j + l + 1]![l]![l]![j −m]![j +m− l]!
) 1
2
δmn+l.
After substitution of two last equations to equation (4.5 ) we get the value of α. 
At the end of this paper we give a method of constructing some elements of the
center of Uq[osp(1 | 2)] by use of the particular C-Gc C
l
mn(λ) (3.6) and the elements
tlp of Uq[osp(1 | 2)]. It is known that C
l
mn(λ) couple two irreducible representations
(V j , πj) and (V i, πi) to one-dimensional trivial representation. Therefore for any
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two irreducible representations (U j , ad) and (U i, ad) with bases {tjm} and {t
i
n}, the
following element Cj of Uq[osp(1 | 2)]
C
j=
∑
mn
(jmλj , inλi | 00)qt
j
mt
i
n
form one dimensional trivial representation (Cj , ε) described in Example 5. It means
that Cj ∈ Uq[osp(1 | 2)]ε and consequently, from Proposition 1 it belongs to the
center of Uq[osp(1 | 2)].
References
[1] P. Minnaert and M. Mozrzymas, J. Phys. A: Math. Gen. 28, 669-683 (1995).
[2] P. Minnaert and M. Mozrzymas, J. Math. Phys. 36, 907 (1995).
[3] P. Minnaert and M. Mozrzymas, J. Math. Phys. 38, 2676 (1997).
[4] A. R. Edmonds, ”Angular momentum in Quantum Mechanics”, Princeton University Press,
Princeton, New Jersey.
[5] A.N. Kirillov and N.YU. ”Reshetikhin, Representations of tha Algebra Uq(sl(2)), q-
Orthogonal Polynomials and Invariants of Links”, in Infinite Dimensional Lie Algebras and
Groups, Luminy-Marseille (1988); Adv. Ser. Math. Phys. 7 World Scientific, Teanneck, New
Jersey (1989), p. 285-339.
[6] M. Nomura, J. Maty. Phys. 30 (1989), p. 2397-2405.
[7] YU.F. Smirnov, V.N. Tolstoy and Yu.I. Kharitonov, Journal of Nuclear Physics, 53 (1991),
p. 959-980 (in Russian).
[8] E. Wigner, ”Gruppenteorie und ihre Anwendung auf die Quanten-mechanik der Atomspek-
tren”., F. Vieweg und Sohn. 1931.
[9] G.Racah, Theory of complex spectra II, Phys. Rev., 1942, 62, p. 438.
[10] L.C. Biedenharn and M. Tarlini, Lett. Math. Phys. 20 (1990), p. 271-278.
[11] R.B. Zhang, M.D. Gould and J. Bracken, Nucl. Phys. B 354, (1991), p. 625.
[12] V. Rittenberg and M. Scheunert, J. Math. Phys. 33 (2), (1992), p. 436-445.
[13] M. Mozrzymas, arXiv:math-ph/0404019v1 6Apr 2004.
[14] P. P. Kulish, LOMI preprint published in Zapiski Nautchnowo Seminaria, LOMI, 1990.
[15] P. P. Kulish, N. Yu, Reshetikhin, Lett. Math. Phys. 18, 143 (1989).
[16] M. Scheunert, W. Nahm and V. Rittenberg, J. Math. Phys. 18, 155 (1977).
[17] M. Scheunert, ”The theory of superalgebras”, Lecture notes in Mathematics, 716, Springer-
Verlag.
Institute of Theoretical Physics, University of Wroclaw,, pl. Maxa Borna 9, 50-204
Wroclaw, Poland
E-mail address: marmoz@ift.uni.wroc.pl
